In this work, multi-soliton solutions of the coupled Ramani equations
The solutions of soliton equations have been continuously discussed ever since the first stage of the study of soliton theory. Soliton equations can be written in bilinear form and the multi-soliton solutions of many integrable bilinear equations can usually be expressed as determinants [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . However, not all soliton equations have determinant-type solutions -some equations have Pfaffian solutions [11] [12] [13] [14] [15] [16] . In fact, Pfaffians have a richer structure than determinants and are of great help in understanding the algebraic properties and the structure of multi-soliton solutions [17] . In the present letter, we shall present multi-soliton solutions of the coupled Ramani equations studied in [18] ,
using Pfaffians. Although the three-soliton solution of this coupled system (1) and (2) is derived by Hu et al. using its Bäcklund transformation [18] , it seems impractical to deduce an explicit expression for the N -soliton solutions following the same procedure, because the three-soliton solution is derived after tedious calculations. Fortunately, we find that the N -soliton solutions to the bilinear equations of this coupled Ramani system (1) and (2) can be expressed using Pfaffians in a compact form. Let us first review some properties of Pfaffians. A Pfaffian, denoted by pf(1, 2, . . . , 2n), can be defined by the following expansion rule [19] :
with antisymmetric elements pf(k, l),
whereˆmeans the deletion of the character under it. For example, if n = 2, we have
Moreover, there are various kinds of Pfaffian identities. Here we only introduce the one needed in this letter, i.e. the so-called "Plücker relation for Pfaffians" [11, 17] ,
In what follows, we will express the N -soliton solutions to the bilinear equations of the coupled Ramani system (1) and (2) using Pfaffians. By the dependent variable transformation u = 2(ln( f (x)) x , w = ( f z f ) x , we obtain the bilinear equations of the coupled Ramani equations (1) and (2) [18]
where z is an auxiliary variable and Hirota's bilinear differential operator D m y D k t is defined by [20, 21] 
Using a perturbational method we obtain a three-soliton solution to the system (4) and (5):
where η j,0 is a free parameter. These expressions suggest that N -soliton solutions to the Eqs. (4) and (5) expressed using Pfaffians exist. We suppose that the exact solution to Eqs. (4) and (5) , or to Eqs. (1) and (2), can be expressed as
with the elements defined by
In the following, we shall prove that the above expression (6) satisfies both (4) and (5) , which are respectively equivalent to
Using the method described in [22] , we obtain the following differential formulae:
with pf(d n , a j ) = p n j exp(η j ),
for j = 1, 2, . . . , N and n, m = 1, 2, 3, . . . ,
where we have denoted {a 1 , a 2 , . . . , a N , b 1 
where {d 0 , a 1 , a 2 , . . . , a N , b 1 , . . . , b N } is denoted by {· · · · · ·} for simplicity. Accordingly (6) satisfies the bilinear equation (4) . We now prove that the function given by (6) satisfies (5) or (8) . In order to do so, we introduce a new variable β 5 defined by pf(β 5 , a j ) = 0, pf(β 5 , b j ) = −p 5 j , pf(β 5 , β 0 ) = 0, pf(d n , β 5 ) = 0, for j = 1, 2, . . . , N , n = 0, 1, 2, . . . .
With the assistance of this variable, we obtain (see Appendix for details) a 1 , a 2 , . . . , a N , b 1 , . . . , b N 
and the following formulae: 
where the list {· · · · · ·} represents {d 0 , a 1 , a 2 , . . . , a N , b 1 , . . . , b N }. Thus f given by (6) satisfies the bilinear equation (5) .
To summarize, the multi-soliton solution to the coupled Ramani equation is derived and expressed in terms of Pfaffians in a compact form. The key point is finding suitable expressions for f x x xz , f x xz , f zt etc. in Eq. (5) or (8) .
